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a b s t r a c t
In this work we show that a classical result of A. Hurwitz is still very effective in studying
the root analysis of the characteristic equation for a linear functional differential equation.
A conjecture was made by Funakubo et al. (2006) [3] regarding the asymptotic stability
condition of the zero solution of a linear integro-differential equation of Volterra type. We
applied the Hurwitz theorem to the characteristic equation in question and showed the
existence of a root with positive real part and solved the conjecture. The Hurwitz theorem
is expected to work well for the root analysis in critical cases.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
There are several kinds of Hurwitz theorems. Here we take up the following theorem:
Hurwitz Theorem ([1,2]). Let {fn} be a sequence of analytic functions on a domain Dwhich converges uniformly on any compact
subset of D to a nonconstant analytic function f (z). If f (z0) = 0 for some z0 ∈ D, then for each r > 0 sufficiently small, there
exists an N = N(r) such that for all n > N, fn(z) has the same number of zeros in the r-neighborhood of z0 as f (z) does.
In [3], Funakubo and the authors discussed the linear integro-differential equation
x˙(t) = ax(t)− b
∫ t
t−h
x(s)ds, (1)
where a and b are real and h > 0, and obtained the following results for uniform asymptotic stability of the zero solution of
(1) using the root analysis of the characteristic equation for (1):
Theorem A. Let a > 0 and a2 < 2b. Then the zero solution of (1) is uniformly asymptotically stable if and only if
a
b
< h <
1√
2b− a2 cos
−1 a
2 − b
b
.
Theorem B. Let h > 0, a > 0 and a2 > 2b. Then the zero solution of (1) is not uniformly asymptotically stable.
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For the case h > 0, a > 0 and a2 = 2b, a conjecture was made in [3], that is, the zero solution of (1) is not uniformly
asymptotically stable. But this has not yet been proved, because the case a > 0 and a2 = 2b is a critical case and it is difficult
to apply the usual method of root analysis of the characteristic equation for (1) effectually. (See Remark 1 in Section 2.)
To overcome this difficulty, we apply the Hurwitz theorem to the root analysis, and then obtain the conclusion that the
characteristic equation has a root with nonnegative real part for all h > 0.
2. Main results
First, we shall give an application of the Hurwitz theorem.
Theorem 1. Let P(z) be a polynomial and q a nonzero constant such that the equation zP(z) + q = 0 has a root with positive
real part. Then the transcendental equation
P(z)+ q
∫ 0
−h
ezsds = 0 (2)
also has a root with positive real part for h large enough.
Proof. Let z0 = x0 + iy0 be a root of zP(z)+ q = 0 with x0 > 0, where we may assume y0 > 0. Then there exists a positive
δ such that δ < min{x0, y0} and the equation zP(z) + q = 0 has only one root in the region D = {z : x0 − δ < Re z <
x0 + δ, y0 − δ < Im z < y0 + δ} in the complex plane. So, define the functions fn and f0 on D as follows:
fn(z) = P(z)+ q
∫ 0
−n
ezsds
and
f0(z) = P(z)+ qz .
Then f0 vanishes only at z0, and hence f0 does not vanish on the circle of center z0 and radius δ/2 denoted by C . Of course,
the interiorΩ of C is contained in D. Thus we have, putting x = Re z and y = Im z,
|z| >

(x0 − δ)2 + (y0 − δ)2 and |e−nz | = e−nx < e−n(x0−δ)
for z ∈ D, which yields
|fn(z)− f0(z)| =
qe−nzz
 < |q|
(x0 − δ)2 + (y0 − δ)2
e−n(x0−δ).
Since e−n(x0−δ) → 0 as n → ∞, fn converges uniformly on D to f0 as n → ∞. Therefore, by the Hurwitz theorem, there
exists an integer N such that for n > N , fn(z) has the same number of zeros inΩ as f0(z) does. That is, fn(z) has at least one
zero inΩ . Thus, for n > N , there exists at least one λ0 ∈ Ω such that fn(λ0) = 0. Since λ0 ∈ Ω implies Re λ0 > x0/2, we
can arrive at the conclusion that for h > N , Eq. (2) has a root whose real part is larger than x0/2 and hence positive. 
The characteristic equation for (1) is written as
f (λ) ≡ λ− a+ b
∫ 0
−h
eλsds = 0.
In the case a2 = 2b, this equation becomes
f (λ) = λ− a+ a
2
2
∫ 0
−h
eλsds = 0. (3)
For the uniform asymptotic stability of the zero solution of (1), the following lemma is well known.
Lemma A. The zero solution of (1) is uniformly asymptotically stable if and only if any root of the characteristic equation
for (1) has negative real part.
Note that for all h > 0 the zero solution of (1) is not uniformly asymptotically stable if the characteristic equation for (1)
has at least one root with nonnegative real part. Then we have the following proposition as an immediate consequence of
three lemmas below:
Proposition 1. Let h > 0, a > 0 and a2 = 2b. Then the zero solution of (1) is not uniformly asymptotically stable.
Now, an elementary calculation shows the following lemma:
Lemma 1. Let a > 0. Then Eq. (3) has the trivial root λ = 0 if and only if h = 2/a holds.
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Fig. 1. Behavior of the root λ(h) obtained by computer simulation.
On the other hand, since
f (λ) = λ− a+ a
2
2λ
(1− e−λh),
for all λ ≠ 0, we obtain the following lemma:
Lemma 2. If a > 0 and h ≠ 2/a, then Eq. (3) has no roots on the imaginary axis.
Proof. Suppose that Eq. (3) has a root λ = iω (ω ≠ 0). Since f (iω) = 0, it then follows that
iω − a+ a
2
2iω
(1− e−iωh) = 0,
that is
1− 2ω
2
a2
− i 2ω
a
= e−iωh.
Hence, we have
1 = |e−iωh|2 =

1− 2ω
2
a2
2
+

2ω
a
2
= 1+ 4ω
4
a4
,
which implies ω = 0. Thus, we have a contradiction. This completes the proof. 
Eq. (3) has the positive root λ = a for h = 0, because f (λ) = λ− a for h = 0. Hence, Lemma 2 implies that Eq. (3) has a
root λwith positive real part for all h in (0, 2/a). On the other hand, if Eq. (3) has a root λwith positive real part for h large
enough, then we can conclude from Lemma 2 together with continuity of λ that Eq. (3) has a root λ with positive real part
for all h > 2/a. Therefore, we need only show the following lemma to prove Proposition 1:
Lemma 3. Let a > 0. Then Eq. (3) has a root with positive real part for h large enough.
Proof. Let P(z) = z − a and q = a2/2 in Theorem 1; then the equation z(z − a)+ a2/2 = 0 has a root a(1+ i)/2. Thus, by
Theorem 1, Eq. (3) has a root with positive real part for h large enough. 
Remark 1. We mention why we have to use Theorem 1 and hence the Hurwitz theorem to prove Lemma 3. We can show
that Eq. (3) has a positive real root λ = λ(h) for 0 < h < 2/a (see Lemma 3.1 in [3]), and this root tends to 0 as h → 2/a−0.
So, it is reasonable for us to expect that the inequality Re dλ/dh > 0 holds on some interval (2/a, 2/a+ δ), which implies
that this root λ(h) goes in the opposite direction in the complex plane as h increases from 2/a. (See Fig. 1.) This suggests
that Eq. (3) has a root with positive real part for h > 2/a. But we cannot guarantee Re dλ/dh = Re (∂ f /∂h)/(∂ f /∂λ) > 0
for h > 2/a, because ∂ f /∂λ = 0 at (h, λ) = (2/a, 0). Thus, we have to use Theorem 1 to prove Lemma 3.
According to Proposition 1 and Theorems A and B, we can arrive at the necessary and sufficient condition for the zero
solution of (1) to be uniformly asymptotically stable in the case a > 0:
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Fig. 2. Region of uniform asymptotic stability of (1).
Theorem 2. Let a > 0. Then the zero solution of (1) is uniformly asymptotically stable if and only if a2 < 2b and
a
b
< h <
1√
2b− a2 cos
−1 a
2 − b
b
.
Combining Theorem 2 and the stability results for (1) with a ≤ 0 obtained in [3], we have the following result:
Theorem 3. The zero solution of (1) is uniformly asymptotically stable if and only if any one of the following three conditions
holds:
(i) a < 0, 2b ≤ a2 and bh− a > 0,
(ii) a > 0, a2 < 2b and ab < h <
1√
2b−a2
cos−1 a
2−b
b ,
(iii) a ≤ 0, a2 < 2b and h < 1√
2b−a2

2π − cos−1 a2−bb

.
Finally we introduce the region of uniform asymptotic stability of (1) in the (a, b) plane with fixed h = 1 to illustrate
Theorem 3 (see Fig. 2).
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